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Asimple proof of tlle Holder and the Minkowski inequality
Amer. Math. Monthly, 102-3(1995), 256-259
J. Rakosnik Review
[The core of the paper is the following lemma: For $1\leq p<\infty$ and any $a,$ $b>\mathrm{O}$ we have
$\mathrm{i}\mathrm{n}t>\mathrm{f}[\frac{1}{p}t^{1lp-1}a+(1-\frac{1}{p})t^{1lp}b\rfloor=a^{1lp}b^{1-1lp}$ and $\inf_{0<’<1}[t^{1-p}a^{p}+(1-t)^{1-p}b^{p}]=(a+b)^{p}$ .
Two proofs are given. The first one is based on elementary caluculas. In the second one the
Jensen inequality and the convexity of the functions $\exp(u)$ and $u^{p}$ are used. The Holder
and Minkowski inequalities are immediate consequences. It is known that the inequality
$x^{a}-ax+\alpha-1\leq 0$ holds for $0<\alpha<1,$ $x>0$ , and equality holds if and only if $x=1$ . This
is aconsequence of an easy application of the calculus. Putting $\alpha=1/p$ and $x=a(bt)^{-1}$ we
obtain the flrst formula above.]
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2. (m) (M)
:
$D$ : adomain in $R^{n},$ $S$ : areal linear space with dual $S^{\cdot},$ $S_{0}\subseteq S$
(I) ;asubset of S such that $(\varphi x_{1}\cdots, \varphi x_{n})\in D$ for all $x_{1},$ $\cdots,$ $x_{n}\in S_{0}$ and $\varphi\in\Phi$
$\hat{s}(\varphi)=\varphi(s)(\varphi\in\Phi, s\in S),$ $S=\{\hat{s}:s\in S\}$
$\hat{S}$ T 2 $m,$ $M:Darrow R$
:
(1) $m(\hat{x}_{1}, \cdots,\hat{x}_{n}),$ $M(\hat{x}_{1}, \cdots,\hat{x}_{n})\in\hat{S}$ for all $x_{1},$ $\cdots,$ $x_{n}\in S_{0}$ .
(2) m\mbox{\boldmath $\alpha$} l’..., $M_{n}$) $\leq L$($(m(\hat{x}_{1},$ $\cdots,\hat{x}_{n}))$ , M\mbox{\boldmath $\alpha$} l’..., $\mathrm{L}_{1}$ ) $\geq L((M(\hat{x}_{1}\cdots,\hat{x}_{n}))$
for all $x_{1},$ $\cdots,$ $x_{\hslash}\in S_{0}$ and all order-preserving linear functionals $L$ from $\hat{S}$ into $R$ such
that $(Lt_{1}, \cdots, LX_{n})\in D$ for all $x_{1},$ $\cdots,$ $x_{n}\in S_{0}$ .
Definition. We say that the above function $m(M)$ belongs to aclass
(m) $=(\mathrm{m};D, S, S_{0}, \Phi)$ (resp. (M) $=(\mathrm{M}jD,$ $S,$ $S_{0},$ $\Phi)$ ).
Remark 1. Let $\alpha_{1},$ $\cdots,$ $\alpha_{n}\in R$ . Then ffie following function on $D$ belongs to both (m)
and (M):
$f(a_{1}, \cdots, a_{n})=\alpha_{1}a_{1}+\cdots+\alpha_{n}a_{\hslash}((a_{\mathrm{I}’}\cdots, a_{n})\in D)$
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This is atrivial case but it gives to us an impotant suggestion for a construction of functions




$\Phi=\{\varphi_{1}, \varphi_{2}\}$ , where $\varphi_{i}$ is the $\mathrm{i}$ -th coordinate function
Then $(\varphi x_{1}, \varphi x_{2})\in D$ for all $x_{1},$ $x_{2}\in S_{0}$ and $\varphi\in\Phi$ . In this case,
(i) $M(a, b)=(\sqrt{a}+\sqrt{b})^{2},$ $M(a, b)=\sqrt{ab}\in(\mathrm{M})$ .
(ii) $m(a, b)=\sqrt{a^{2}+b^{2}},$ $m(a, b)=a^{2}/b\in(\mathrm{m})$ .
Remark 2. Let $L$ be an order preserving linear functional on $S$ such that $(u_{1}, Lt_{2})\in D$
for all $x_{1},$ $x_{2}\in S_{0}$ . Let $\alpha=L(1,0)^{\mathrm{A}}$ and $\beta=L(0,1)^{\wedge}$ and set $x_{1}=(a, b)$ and
$x_{2}=(c, d^{\backslash })\in S_{0}$ .
(i) Let $\Omega=\{1,2\},$ $\mu\langle 1$ ) $=\alpha,$ $\mu(2)=\beta,$ $|f(1)|=\Gamma a,$ $|f(2)|=\sqrt{b},$ $|g(1)|=\mathit{1}T$ and
$|g(2)|=\sqrt{d}$ . Then
$M(U_{1}, l\mathrm{f}_{2})\geq L((M(X_{1},\hat{x}_{2}))\Leftrightarrow|f|_{2}+|g|_{2}\geq||f|+|g||_{2}$ when $M(a, b)=(\Gamma a+\sqrt{b})^{2}$
and
$M(\mathcal{B}_{1}, U_{2})\geq L((M(X_{1},\hat{x}_{2}))\Leftrightarrow|f|_{2}|g|_{2}\geq|fg|_{1}$ when $M(a, b)=\sqrt{ab}$ .
(ii) Let $\Omega=\{1,2\},$ $\mu(1)=\alpha,$ $\mu(2)=\beta,$ $|f(1)|=a^{2},$ $|f(2)|=b^{2},$ $|g(1)|=c^{2}$ and
$|g(2)|=d^{2}$ . Then
$m(u_{1}, a_{2})\leq L((m(\hat{x}_{1},\hat{x}_{2}))\Leftrightarrow|f|_{1l2}+|g|_{1l2}\leq||f|+|g||_{1l2}$ when $m(a, b)=\sqrt{a^{2}+b^{2}}$ .
Also let $\Omega=\{1,2\},$ $\mu(1)=\alpha,$ $\mu(2)=\beta,$ $|f(1)|=a^{2},$ $|f(2)|=b^{2},$ $|g(1)|= \frac{1}{c},$ $|g(2)|= \frac{1}{d}$ .
Then
$m(\mathcal{B}_{1}, LX_{2})\leq L((m(\hat{x}_{1},\hat{x}_{2}))\Leftrightarrow|f|_{1l2}|g|_{-1}\leq|fg|_{\mathrm{I}}$ when $m(a, b)=a^{2}/b$ .
3. (m) (M) 1
Let $T$ be aset and suppose that $\alpha_{1\prime}\cdots,$ $\alpha_{n},$ $\beta_{1},$ $\cdots,$ $\beta_{n}$ : $Tarrow R$ satisfy the following
properties:
(1) For each $(a_{1}, \cdots, a_{n})\in D,$ $m(a_{1}, \cdots, a_{n})\cdot\sup_{t\in T}\alpha_{1}(t)a_{1}+\cdots+\alpha_{n}(t)a_{n}\in R$ and
$M(a_{1}, \cdots, a_{n})\cdot \mathrm{i}\mathrm{n}t\in \mathrm{f}\beta_{1}(t)a_{1}+\cdots+\beta_{n}(t)a_{n}\in R$ .
(2) $m(\mathrm{R}_{1}, \cdots,\hat{x}_{n})\in S$ and $M(\hat{x}_{1}, \cdots,\hat{x}_{n})\in S$ for each $x_{1},$ $\cdots,$ $x_{n}\in S_{0}$ .
In this case, we have the following
Lemma 1. $m$ belongs to the class (m) and $M$ belongs to the class (M).
Proof. Let $x_{\mathrm{I}},$ $\cdots,$ $x_{n}\in S_{0}$ and $L$ an order-preserving linear functional from $\hat{S}$ into
$R$ such that $(l\hat{x}_{1}, \cdots, L\hat{x}_{n})\in D$ for all $x_{1},$ $\cdots,$ $x_{n}\in S_{0}$ . Note that
$\alpha_{1}(t)\hat{x}_{1}+\cdots+\alpha_{n}(t)\hat{x}_{n}\leq m(\hat{x}_{1}, \cdots,\hat{x}_{n})$ and $\beta_{1}(t)X_{1}+\cdots+\beta_{n}(t)\hat{x}_{n}\geq M(\hat{x}_{1}, \cdots,\hat{x}_{n})$




for all $t\in T$ . Therefore
$m(L\mathrm{f}_{1}, \cdots, L\mathrm{P}_{n})\leq L\langle m(\mathrm{t}_{1}, \cdots,\hat{x}_{n}))$ and $M(U_{1}, \cdots, L\mathrm{f}_{n})\geq L\langle M(\mathrm{t}_{1}, \cdots, \mathrm{t}_{n}))$ ,
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so that $m$ belongs to the class (m) and $M$ belongs to the calss (M). Q. E. D.
Remark 3. lf $T$ consists of asingle point, then the above result becomes to the trivial
case.
Remark 4. We can consider the case that $L$ is asub-affine or super-affine map. It seems
that this case is more natural than the linear case.
3-1. Holder function.
$D=R^{+}\mathrm{x}\cdots \mathrm{x}R^{+},$ $S$ : areal linear space with dual S, $S_{0}\subseteq S$ ,
$\Phi$ : asubset of S such ffiat $(\varphi x_{1}\cdots, \varphi x_{n})\in D$ for all $x_{1},$ $\cdots,x_{n}\in S_{0}$ and $\varphi\in\Phi$ ,
$\hat{s}(\varphi)=\varphi(s)(\varphi\in\Phi, s\in S),\hat{S}=\{\hat{s}:s\in S\},$ $p_{1}+\cdots+p_{n}=1$ ,
$\mathrm{H}\ddot{\mathrm{o}}\mathrm{r}(a_{1 \prime}, \cdots a_{n})=\prod_{i=1}a_{l}Pi((a_{1}, \cdots,a_{n})\in D|,$ $\mathrm{H}\ddot{\mathrm{o}}\mathrm{r}(J_{1}, \cdots, X_{n})\in S$ for all $x_{1},$ $\cdots,$ $x_{n}\in S_{0}$ .
In this case, we have the following
Lemma 2. (i) If all $p_{i}$ are positive, then ffie function H\"or belongs to the class (M).
(ii) $1\mathrm{f}$ ffie only one of $\{p_{1}, \cdots, p_{n}\}$ is positive, then the $\mathrm{f}\mathrm{u}\mathrm{n}\mathrm{c}\dot{\mathrm{u}}\mathrm{o}\mathrm{n}$ H\"or belongs to the class
(m).
h\mbox{\boldmath $\alpha$} $\mathrm{h}\mathrm{t}T=R^{+}\mathrm{x}\cdots \mathrm{x}R^{+}$ .
0) Suppose that all $p_{i}$ are positive and let $(a_{1}, \cdots, a_{n})\in D$ . For each







$\beta_{n}(t)=p_{*}t_{n}\prod_{j=1}^{\hslash}t_{J}^{-p_{j}}$ and $h(t, a_{1}, \cdots, a_{n})=\beta_{1}(t)a_{1}+\cdots+\beta_{n}(t)a_{n}$
for each $t=(t_{1}, \cdots, t_{n})\in T$ . Then we have
$t\in \mathrm{i}\mathrm{n}\mathrm{f}^{h(t,a_{1},\cdots,a_{n})\geq \mathrm{H}\ddot{\mathrm{o}}\mathrm{r}(a_{1},\cdots,a_{n})}$ .
Also since $h(t., a_{1}, \cdots, a_{n})=\mathrm{H}\ddot{\mathrm{o}}\mathrm{r}(a_{1}, \cdots, a_{n})$ for $t.=(a_{1}^{-1}, \cdots, a_{*}^{-1})\in T$ , it follows that
$\iota\in \mathrm{i}\mathrm{n}\mathrm{f}^{h}(t, a_{1}, \cdots, a_{n})=\mathrm{H}\ddot{\mathrm{o}}\mathrm{r}(a_{1}, \cdots, a.)$ . Therefore the desired result follows from Lemma 1.
(ii) Suppose that the only one of $\{p_{1}, \cdots, p_{n}\}$ is positive and let $(a_{1}, \cdots, a_{n})\in D$ . For
each $t=(t_{1}, \cdots, t_{n})\in T$ , we have $\sum_{i=1}p_{i}t\rho_{i}\geq\prod_{i=1}(t_{l}a_{j})^{p_{i}}$ . Then the desired result follows
from the similar argument in (i). Q. E. D.
3-2. Minkowski type function.
$D=R^{+}\mathrm{x}\cdots \mathrm{x}R^{+},$ $f$ : $R^{+}arrow R$ : aconcave (convex) function with inverse, $\rho:R^{+}arrow R$ ,
$f_{\rho}(a_{1}, \cdots, a_{n})=f(\sum_{i=1}^{n}f^{-1}(\rho(a_{i})))$ $((a_{1}, \cdots, a_{n})\in D)$ ,
$f_{\rho}.(\tau)\sim\exists \mathrm{i}\mathrm{n}s>\mathrm{f}^{\frac{\tau}{s}f(\frac{f^{-1}(\rho(s))}{\tau})}(0<\tau<1)$ (resp. $f_{\rho}.( \tau)\cdot\exists_{8}\mathrm{s}\mathrm{u}\frac{\tau}{s}f(s>\frac{f^{-1}(\rho(s))}{\tau})(0<\tau<1)$ )
$T=\{t=(t_{1}, \cdots, t_{n}):t_{1}+\cdots+t.=1, t_{1}, \cdots, t_{n}>0\}$ ,
$\alpha_{\mathrm{I}}(t)=f_{V}(t_{1}),$ $\cdots,$ $\alpha_{n}(t)=f_{\psi}(t_{n})(t\in T)$ (resp. $\beta_{1}(t)=f,,\cdot(t_{1}),$ $\cdots,$ $\beta_{n}(t_{n})=f_{\rho}.(t)(t\in T)$ ,
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$h,$ $H:T\mathrm{x}Darrow R$ : $h(t, a_{1}, \cdots, a_{n})=\alpha_{1}(t)a_{1}+\cdots+\alpha_{n}(t)a_{n}$ ,
$H(t, a_{1}, \cdots, a_{n})=\beta_{1}(t)a_{1}+\cdots+\beta_{*}(t)a_{n}$ .
In this case, we have the following
Lemma 3. (i) lf $f$ is concave, the $\mathrm{n}$ $\mathrm{S}\mathrm{u}t\in\#^{h(t,a_{1},\cdots,a_{n})\leq f_{p}(a_{1},\cdots,a))}$ for each
$(a_{1}, \cdots, a_{n})\in D$ .
(ii) If $f$ is convex, then ,$\mathrm{i}\mathrm{n}\in \mathrm{f}^{H}(t, a_{1}, \cdots, a_{n})\geq f_{\rho}(a_{1}, \cdots, a_{n})$ for each $(a_{1}, \cdots, a_{n})\in D$ .
Proof. (i) Let $(a_{1}, \cdots, a_{n})\in D$ . For each $t=(t_{1}, \cdots, t_{n})\in T$ , we have
$, \sum_{=1}tJ(biJ\leq f(_{l=1}2tp_{l})((b_{1}, \cdots, b_{n})\in D)$ ,
and hence by putting $b_{1}=f^{-1}(\rho(a_{1}))/t_{1},$ $\cdots,$ $b_{n}=f^{-1}\omega a_{1}))/t_{n}$ in the above inequality,
$i=12tJ( \frac{f^{-1}(\mu a_{i}))}{t_{i}})\leq f(i=2f^{-1}(\rho(a_{i})))1^{\cdot}$
Note also that $i=12f_{p}.(t_{t})a_{l} \leq\sum_{i=1}^{n}tJ(\frac{f^{-1}(\rho(a_{l}))}{t_{l}})$ for each $t=(t_{1}, \cdots, t_{n})\in T$ . Then we have
$l=12f_{\rho}.(t_{i})a_{i}\leq f(l=2f^{-1}\alpha a_{l})))1$
for each $t=(t_{1}, \cdots, t_{n})\in T$ . Then we have desired result
(ii) Similarly to the concave case. Q. E. D.
Definition. We say ffiat $f_{\varphi}$ is of Minkowski tyPe if
$f_{\rho}(a_{1}, \cdots, a_{n})=\mathrm{S},\mathrm{u}\in\#^{h(t,a_{1},\cdots,a_{n})}$ (when $f$ is concave).
$=\mathrm{i}\mathrm{n}\iota\in \mathrm{f}^{H}(t, a_{1};\cdots, a_{n})$ (when $f$ is convex)
for each $(a_{1}, \cdots, a_{n})\in D$ .
In particular, let $p\neq 0$ and set $f(t)=t^{p},$ $\rho(t)=t(t>0)$ . Then
$f_{\rho}(a_{1}, \cdots, a_{n})=(a_{1}^{1lp}+\cdots+a_{n}^{1lp})^{p}$
is aMinkowski type function on $D$ .
Let $D=R^{+}\mathrm{x}\cdots \mathrm{x}R^{+},$ $S$ : areal linear space with dual S, $S_{0}\subseteq S$ ,
$\Phi$ : asubset of S such that $(\varphi x_{1}\cdots, \varphi x_{n})\in D$ for all $x_{1},$ $\cdots,$ $x_{n}\in S_{0}$ and $\varphi\in\Phi$ ,
$\hat{s}(\varphi)=\varphi(s)(\varphi\in\Phi, s\in S),$ $S=\{\hat{s}:s\in S\}$ and $f_{\varphi}(\hat{x}_{1}, \cdots, X_{n})\in S$ for all $x_{1},$ $\cdots,$ $x_{n}\in S_{0}$ .
Then we have from Lemma 1that
Lemma 4. (i) If $f$ is concave, then $f_{\rho}$ belongs to the class (m).
(ii) lf $f$ is convex, then $f_{\rho}$ belongs to the class (M).
4.
$\downarrow\emptyset\ovalbox{\tt\small REJECT} \mathrm{f}\mathrm{f}\mathrm{i}\hslash\backslash \grave{\mathrm{b}}\Phi^{\backslash }4f*\mathrm{E}\mathrm{F}\mathrm{B}1\text{ }\ovalbox{\tt\small REJECT} \mathrm{E}T6--\ [^{-}.\text{ }lJ_{\backslash }$ generalized $\mathrm{H}\mathrm{o}\mathrm{I}\mathrm{d}\mathrm{e}\mathrm{r}’\mathrm{s}$ inequality:
(i) $\int|f_{1}|^{p_{1}}\cdots|f_{n}|^{p_{\hslash}}d\mu\leq(\int|f_{1}|d\mu)^{p_{\mathrm{l}}}\cdots(\int|f_{n}|d\mu)^{p}$
.









if $p>1$ or $p<0$ ffi\mbox{\boldmath $\tau$}
5.
5-1. Define aHolder type funcfion.
5-2. Find aresonable new Minkowski type function.
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